Linear Quadratic Control

deterministic case and stochastic case
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Basic Problem Setup

e Linear Deterministic System

x(k+ 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

— deterministic system0|22 w(k), v(k) 2 Z2 term Al x

St Aufo| EME ulelstr| 2lsh,
ZICtSHA| linear time-invariant system A|AEIO 2 J1ESIXRL. (F, A, B, C7F &%)

For a linear state feedback controller

u(k) = — L(k)x(k)

'

Output feedbackO| O}l state feedback?! 210 22

The closed-loop response is

x(k+ 1) = (A — BL(k))x(k)

%l State feedback controller 7| system2 stabilizes}?| fIsiM= A — BL(k) 2] 2E 119210 unit disk 2tof| 21010} SiC}.
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Obijective of LQ

» A system visits a sequence of states of x(0), x(1)

> X(p)
and desired sequence of states x(0),x(1)

,. .. X(p)

!

olo|o| set-point7} Ol 022 sli=1 M
022 7IMSlE 2H|7} el elLisH

ZI5l| 2 K}

02 St EH|2| property, solutionO| HHHX| 211 LIZS0]| Wl 0| S5H™M ElC}
Objective function

min )" [x"(k)Qx(k) + u” ()Ru(k)] + x"(p)Q,x(p)
k=0

0O, R : symmetric positive definite

O, :positive semi-definite

0|Z %|A8l5t= uE F5HRH -> x, u 25 00i 717k X oF&t
Output error®} input value2| non-zeroZ| 34stX| &S

min 2 [xT(k)Qx (k) + u” (K)Ru(k)] + xT(p)Q,x(p)

HH integral actionO| Q!Ct11gt,
k=0

us delta u 2H*2M off-set free?t Ol (= set-pointd]| =& 7}
r—y Aul
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Open-Loop Control vs. Feedback Control

* Optimal open-loop control problem

AlZH0, 1, 2 X|LIHAM LI = system 225 E{Q| information(output, input0] )2 220 A
ex) MxX}2|Ix]|

u(0), u(l),...,u(k)E x(0)zrnAMot

 Optimal feedback control problem

input2 OftH information g2 2A7IC},

Find the optimal feedback law u(k) = f(x(k)) Or

u(k) = f(y(k), y(k = 1),...)

o« =3 TIHELR

OFoF A|AEIO| deterministic SICHH, open-loop 22} = feedback-loop 21t
-> Model = Plant
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Least Squares Solution

e Open-loop Optimal Feedback Control

Using x(k+ 1) = Ax(k) + Bu(k) recursively gives,

x(k + 1) = Ax(k) + Bu(k) + A(Ax(k — 1) + Bu(k — 1)) + Bu(k)
= A%x(k — 1) + Bu(k) + ABu(k — 1)

= Ak“x(O) + (Bu(k) + ABu(k— 1)+ ...+ AkBu(O)
Then we can write,

u(0)

) 0 ] )
z(1) A B 0 0 u(l) |~ Lﬁ_“"‘
z(2) | _ | A2 z(0) + AB B 0 u(2) winble

: : : ; 0
—z(p) | | AP | | AP"'B AP2B ... B u(p —1)

(— ps P8 P’

temtul wate

@& HYUNDAI



Least Squares Solution

e System equation

X = S5"x0)+ S"U

* Quadratic cost function

p—1
Vox(0); %) = Z [x" (kK)Qx(k) + u’ (k)Ru(k)] + x" (p)Q,x(p)
k=0

=T +U'T"U
I = blockdiagl{Q,...,0,0,} 1" =blockdiag{R,...,R}

e Optimal cost

Vy(x(0)) = min{xT(0)S* T"S*x(0) + %T[S"' T*S* + "% + 2x7(0)S*' T*S"“% }
U

'

?/ °| quadratic function
e Optimal solution (input0]| H|2F=Z giCtH)

U* = — H g = — [SYTT¥S" + ]IS T*S*x(0)
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OLOFC

J2{™ 0|x| 0] optimal control action % * & LC}A| cost-to-go functiondl| ‘20{ =X}
U* = — [S'T*S" + T~ 18 T*S*x(0)
e Optimal cost-to-go function

VE(x(0) = x7(0) [$9TS™ — ST s(S TS + )~ 1S T8 x(0)

— Initial state2| quadratic function

*

%, optimal cost-to-go &2 form2 & $ ULt

Dynamic Programming £ [f], optimal cost-to-go &2 form2 3t7] 0{2{¢
neural network2 &-835}0{ approximation2 A= 20|11 0]0f| 5|

OLOFCE= form2 & &= /CH

5, 227t x(0) 2HEH %*0), %), %*(2)... %*(p) T} & == ACk= XO[CL

=1y | .

but, &H|0|M modelz} plant7} C}E £ YA BEHALZS

[

J2iM EE Receding horizon control B2 £t8510] J18I5LCL. (control action |4t state feedback AL X)
—> O A|Z} state HE S0{2+= g ILiot 88 $ QL.

CHH
1. A|MH o2 SE8HM0|X| QiCt,
2. Stochastic caseO|A = 21X 0|X| QiLC},
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Closed-loop Optimal Feedback Control (CLOFC)

o Of A|ZHOIC} system informationS 2OFA] inputS 7| AFSHCL.

 O|& formulationE & + =7l Dynamic Programming
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Dynamic Programming

e What is DP? Multi-stage =HIE Single-stage &H|E ZI{AM EX}

X = S5"x0)+ S"U

At the stage p-1, Bellman’s equation is

V_ix(p = 1) = ?ﬁI}) {(x'(p = DOx(p = D +u'(p = DRu(p — 1) + x"(p)S(p)x(p))
u(p—

where, S(p) — Qt

Noting that x(p) = Ax(p — 1) + Bu(p — 1),
We get

V1x(p— 1) = r(nir}) {x"(p = DA'S(MA + Q)x(p — D+
u(p—

2xT(p - l)ATS(p)Bu(p — D)+

u'(p = 1)(B'S(p)B + Ryu(p — 1)}
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Dynamic Programming

12{™ O|X| 0] optimal control action u* & 7& £ 1 (unconstraint2tl 71511 EM)

w (p— 1) = — (B'S(p)B + R)_ BTS(p)Ax(p — 1)

v

L(p—1)

2| A2 State feedback controller!

L 0|Z cost-to-go function0f 2™

V,oix(p = 1) =x"(p = DS(p — Dx(p = 1)

— £ x(p — 1) 2| quadratic function O|CH

0|210] LQ Control Problem unconstraint ZZ12 2 Z91g uf|, 2zt o|&o| £lC}.

Where S(p — 1) is given by the following Riccati Equation

S(p—1)=A"S(p)A + QO — A"S(p)B(B'S(p)B + R)~'B'S(p)A
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Dynamic Programming

Stage: p - 2
{ﬁae—uﬁ!e) o

!«‘ny[e -¢fi age
Vpa(z(p—2)) = min {z*(p=2)Qz(p=2)+u’ (p = 2)Ru(p = 2)+

u(p—2) '
V, 1(z(p — 1))} [og{-,.'fo—‘}o fune (o‘rhmul)
g (=90~ 4470~ DRty -4
z"(p—1)S(p— Dz(p— 1)}
“Bellwan ofﬁmlif'j egr ’

This equation is in the same for as (6). The optimal solution is

u*(p—2) = —SBTS(p —1)B+ R)_l BTS(p— 1)/{3:(]7 —2)

L(p—2)
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Generalization

Successively solving for cost-to-go V,(x(k)) , we get:

u*(k)y = — L(k)x(k), fork =p—1,...,0

ojA[ZHOLC} optimal control action2 state0f| gaing &8t HEN7} E.
where

L(k) = (BTS(k+ DB+ R)"'BTS(k + DA

S(k) =ATS(k+ DA + O—
ATS(k+ DBBTS(k+ DB+ R)™'BTS(k+ DA

LQ H|0{= Cost-to-go function?| recursive equation0| Riccati Difference EquationO|L}.
Cost-to-go functionO| state2| quadratic functionO|C}.

@& HYUNDAI



25

e Deterministic case?| 4
feedback control2 Z2

o
Ty
24
=

Open loop optimal feedback controlZ} Closed loop optimal

IS WLt

e The optimal p-stage costis  V,(x(0)) = x’(0)S(0)x(0)

e Receding horizon solution

it 297} B}
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